Further Pure 1
Revision Topic 7:  3 by 3 matrices and systems of equations
The OCR syllabus says that candidates should:

a)  recall the meaning of the terms ‘singular’ and ‘non-singular’ as applied to square matrices, and,

for 3×3 matrices, evaluate determinants and find inverses of non-singular matrices;
b)  formulate a problem involving the solution of 3 equations in 3 unknowns as a problem involving the solution of a matrix equation, and vice-versa;

c)  understand the cases that may arise concerning the consistency or inconsistency of  3 linear

simultaneous equations, relate them to the singularity or otherwise of the corresponding square

matrix, and solve consistent systems.

Section 1: Solving simultaneous equations in 3 unknowns
In FP1, you need to be able to solve a set of 3 simultaneous equations involving 3 unknowns.  The usual elimination method can be used.

First you try to eliminate one of the unknowns from the equations, to be left with 2 equations in 2 unknowns.

Then you eliminate a second unknown to be left with one equation in one unknown.

Example:  Solve the equations:



x + 2y + 4z = 7

(


3x + 2y + 5z = 21
(


4x + y + 2z = 14
(
Solution:  In these equations it is probably simplest to eliminate y first:


2x + z = 14

( - ( = (


5x – z = 7

2( - ( = (
Next we can eliminate z:


7x = 21

( + ( = (
We can now see that


x = 3

From equation (, we get:



z = 14 – 6 = 8

From equation (, we have



y = 14 – 12 – 16 = -14

Geometrical interpretation:  Each of the three original equations represents a plane in 3 dimensional space.  The three planes intersect at the point (3, -14, 8).

* * *

Sometimes we have a system of two equations involving 3 unknowns.  In such situations we cannot find a unique solution, but we can solve the equations by introducing a parameter.  The solutions to the equations are then expressed in terms of this parameter.

Example 2:  Solve the equations:



3x – y + 4z = 5


x + 2y – 3z = 2

Solution:  We introduce a parameter: let z = t.
(Note we could have let y = t or x = t instead)
Then, on rearrangement, the equations become:



3x – y = 5 - 4t

(


x + 2y = 2 + 3t

(
Next we need to eliminate another variable, such as y:



7x = 12 - 5t

2( + ( = (
So, 
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We can then find y:




y = 3x – 5 + 4t

(from ()
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i.e.
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So overall the solutions are:
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[image: image5.wmf]13

1

77

yt

=+

, z = t.

Geometrical interpretation:  The original two equations represent planes in three dimensional space.  The two planes intersect to form a line.  Our solutions give all the points on this line.

Occasionally we need to solve a single equation involving 3 unknowns.  In such situations we obviously cannot find a unique solution, but we can solve the equations by introducing two parameters.  The solution to the equation is then expressed in terms of these parameters.

Example 3:  Solve the equation



2x – 4y + z = 7

(
Solution:  We introduce 2 parameters, such as y = t and z = u.

Then


x = 3.5 + 2y – 0.5z
(from ()

So


x = 3.5 + 2t – 0.5u
Therefore the overall solution is x = 3.5 + 2t – 0.5u, y = t and z = u.

Examination question (June 2005 AQA)
Solve the simultaneous equations
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Hint:  Eliminate z first as one equation already has no z in it (so you just need to eliminate z from the top 2 equations).

1.1 Consistent and inconsistent equations
All the equations that we have considered so far in this unit can be solved (they have all been consistent equations).  Some systems of equations cannot be solved because the equations are contradictory – such equations are called inconsistent.

Example:  Suppose we tried to solve the equations 



3x – 2y + z = 4

(


2x + 3y – 2z = 2
(




x + 8y – 5z = 1

(
We could try to eliminate x first:



-26y + 16z = 1

( - 3( = (


-13y + 8z = 0

( - 2( = (
If we now eliminate z:




0 = 1

( - 2(
Clearly this is a contradiction.
The equations therefore have no solution.  The equations are inconsistent.

* * *

Sometimes we may be given 3 equations, such as



3x + 2y + z = 7



2x – 3y + 4z = 1



5x – y + 5z = 8

but one of the equations might be able to be expressed in terms of the other two (here the third equations is the sum of the top two equations).  The equations are then called linearly dependent equations and can then only be solved by introducing a parameter.  
Example 2:  Solve the system of equations:




2x – y = 1

(




3x + 2z = 13

(




3y + 4z = 23

(
Solution:

We have 3 equations in 3 unknowns.  We could start by eliminating z (which is already not present in the top equation):





2x – y = 1

( = (




6x – 3y = 3

2( - ( = (
We can now try to eliminate y:





0 = 0


3( - (
This is a true, but unhelpful, equation!  This means that the equations must have been linearly dependent equations (in fact ( = 2( - 3().

We therefore introduce a parameter, such as x = t.  Then from equation (, we get y = 1 - 2t.

Also from (: 2z = 13 – 3t 
i.e.  z = 6.5 – 1.5t.

Summary:

Given a system of 3 equations in 3 unknowns, there are 3 possible scenarios:

1)  There is a unique solution;

2)  There are an infinite number of solutions;

3)  There is no solution,

In cases (1) and (2) the equations are called consistent.  In case (3) the equations are called inconsistent.

Worked examination question (January 2003 AQA) 

Three simultaneous equations are
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where a is a constant.

a)  For a ≠ -3, find the unique solution of the equations.

b)  In the case when a = -3 find the general solution of the equations;

Solution:

a)  It is easiest to start by eliminating y




5x – 10z = 15

(1) + (2)





x -5z – az = 3

(2) – (3)

The top equation above can be simplified by dividing by 5:






x – 2z = 3

(4)

The bottom equation can be simplified by collecting the z terms together:





x + (-5 - a)z = 3
 (5)
We can solve equations (4) and (5) by eliminating x:

-2z – (-5 – a)z = 0
(4) - (5)

-2z + 5z + az = 0

(3 + a)z = 0

(*)

i.e.



z = 0

(provided a ≠ -3)

We can now find x from equation (4):
x = 3
y can be found, e.g. from equation (2):
y = 10 + 5z – 2x = 4

So the solutions are x = 3, y = 4 and z = 0.

b)  When a = -3, equation (*) above becomes 0z = 0.

The equations are not inconsistent, but instead we only have 2 linearly independent equations.  We can solve these using a parameter.

Let z = t.

Then from equation (4) above:
x = 3 + 2z = 3 + 2t
Then from equation (2):

y = 10 + 5z – 2x = 10 + 5t – 2(3 + 2t) = 4 + t
Hence the solutions are:
x = 3 + 2t,    y = 4 + t   and  z = t.
Section 2:  Determinants and inverses of 3 by 3 matrices

2.1
Determinants of 3 by 3 matrices

The determinant of a general 3 by 3 matrix is defined as follows:
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Note:  
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 stands for the determinant of the 2 by 2 matrix 
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Example:  Find 
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Solution: 
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 = 2(-20) + 3(5) + 1(9) = -16

Worked examination question (January 2006 AQA)

The matrices P and Q are defined in terms of the constant k by
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Express detP and detQ in terms of k.

Solution:
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      = 3(-2 – 3k) - 2(2 – 5k) + 1(3 + 5)



      = -6 - 9k - 4 + 10k + 8



      = k - 2
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    = 5(2k + 3) – 4(6 + 7) + 1(9 – 7k)


    = 10k + 15 – 52 + 9 – 7k


    = 3k - 28

Examination question (January 2005 AQA)

The matrix A is given by
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where a is a constant.  Express det(A) in terms of a.

Examination question (January 2004 AQA

Find the value of the determinant
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2.2 Singular matrices

Recall that a matrix A is called singular if detA = 0.

Example:  Find the value of k for which the matrix
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is singular.

Solution:
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 = 2(3 – 0) – 3(3k – 8) + (-1)(0 – 2)



  = 6 – 9k + 24 + 2




  = 32 – 9k

The matrix is singular if  32 – 9k = 0,  i.e.  k = 
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2.3 Inverse of a 3 by 3 matrix
Definition: The minor determinant of an element in a 3 by 3 matrix is the determinant of the 2 by 2 matrix formed when the row and column containing the element are deleted.

Definition:  The transpose of a matrix is obtained by swapping over the rows and columns of the matrix.

Example:  
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Note: AT means the transpose of matrix A.

A 3 by 3 matrix can be inverted if it is non-singular.

There are a number of steps involved in finding the inverse of a 3 by 3 matrix, 
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Step 1:
Find the determinant of the matrix.
Step 2: Form the matrix consisting of the minor determinants of every element in the original matrix:
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where 
A = det
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Step 3: Change the sign of every other element of the new matrix:
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Step 4:  Find the transpose of this matrix and divide by the determinant.

Example: Find the inverse of the matrix 
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Solution:

Step 1:  Find the determinant: 
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= 2(1 + 3) – 1(-6) – 1(-2)






= 8 + 6 + 2







= 16.

Step 2:  Form the matrix of minor determinants:
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Step 3:  Adjust the signs of every other element (starting with the second entry):
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Step 4:  Take the transpose and divide by the determinant:
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So the inverse matrix is 
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Note:  You can check the answer if you wish – if you multiply the inverse matrix by the original matrix you should get the identity matrix.

Examination question (January 2006 Edexcel)






A = 
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,  where k is a real constant.
(a)
Find values of k for which A is singular. 


(b)  Given that A is non-singular, find, in terms of k, A–1.

Examination question (June 2005 Edexcel)







A = 
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(a)
Show that det A = 20 – 4k.
 (b)
Find A–1.

Section 3
Use of matrices to represent and solve equations
The equations
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can be represented in matrix form as
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The equations therefore have a unique solution provided that A is a non-singular matrix, i.e. provided that detA ≠ 0.

If this is the case, then the solutions can be found as:
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Example:

The equations 
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can be represented as:
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To see whether a solution exists we need to find 
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This determinant is 
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= 2(-4) – (-17) + (-10) = -1
Therefore we know that the equations do have a unique solution.

To find the solution we need to find the inverse of the matrix 
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We follow the 4 steps from the previous section:-

Step 1:  Find the determinant: we have already found that this is -1.

Step 2:  Form the matrix of minor determinants (which, for a particular entry in the matrix, is the determinant of the 2 by 2 matrix that is left when the row and column containing the entry are deleted):
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Step 3:  Adjust the signs of every other element (starting with the second entry):
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Step 4:  Take the transpose and divide by the determinant:
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So the inverse matrix is 
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Hence the solutions to the equations are found by
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Therefore x = 2.5, y = -1 and z = 2.

Worked examination question (June 2005 AQA)
Three simultaneous equations are given by
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Find, in either order:

a)  expressions for x, y and z in terms of a, b and c;

b)  the inverse of the matrix 
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Solution:

The equations can be represented as 
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Answering part (b) first:

To find the inverse of the matrix we follow the 4 steps:

Step 1:  Find the determinant: 
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= 1(-1) – (-2) + 0







= 1
Step 2:  Form the matrix of minor determinants:
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Step 3:  Adjust the signs of every other element (starting with the second entry):
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Step 4:  Take the transpose and divide by the determinant:
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So the inverse is 
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a)  To get expressions for x, y and z:
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Examination question (OCR)

The matrix A is given by 
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, where a ≠ 1.

a)  Find the inverse of A.

b)  Hence or otherwise solve the equations




2x – y + z = 0




      3y + z = 1




x + y + az = 3.

Examination question (OCR)

It is given that the matrix M = 
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 is non-singular.

a)  Find the set of possible values of a.

b)  Find the inverse of M.

c)  Solve the equations




2x         -   z = 1




       4y + az = -3




9x – 5y – 7z = 2

for x, y and z in terms of a.

Worked examination question (OCR June 2004 adapted)

Consider the following three equations:
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a)  Find the possible values of the constant k for which the equations do not have a unique solution.

b)  Find the solution to the equations
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Solution:

a)  The matrix of coefficients is:  
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The equations do not have a unique solution if  det
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But  
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= 3(1 – k2) – (-1 – 2k) – (k + 2)





= 3 – 3k2 + 1 + 2k – k – 2





= 2 + k - 3k2
So determinant is 0 if 2 + k - 3k2 = 0,  i.e. if 3k2 – k – 2 = 0, i.e. if  (3k  + 2)(k – 1) = 0
So the equations do not have a unique solution if k = -2/3 or k = 1.

b)  The equations in part (b) are the equations in part (a) with k = 1.

From part (a), we know that when k = 1 the equations do not have a unique solution.

So we cannot solve these equations using a matrix method.

Instead the equations need to be solved by elimination:
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Try to eliminate z first:




4x = 8

(1) + (2) = (4)




3x = 6

(2) + (3) = (5)

Notice that by eliminating z we have also eliminated y.

These two equations both tell us that x = 2.

As there is not a unique solution, we need to introduce a parameter.  Let z = t.

Then, from equation (1):  
y = 1 + z – 3x = 1 + t – 6 = t – 5.

So the solutions are:
x = 2, 
y = t – 5,  z = t.

Examination question (OCR January 2005)

(i) 
Find the values of the constant k for which the matrix
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is singular.

(ii) 
Solve the simultaneous equations

7x – y + z = 9
-x + 3y + z = -3

x + 7y + 3z = -3

expressing your answer in terms of a parameter.

Examination question (Northern Ireland)
Consider the following system of simultaneous equations:
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(i)
By evaluating an appropriate determinant, show that this system does not have a unique solution.

(ii)
Solve this system of equations.

Worked examination question (June 2003 AQA adapted)
The matrix A is given by
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a) 
(i)
Show that detA is independent of k.


(ii)
Explain why the equations






2x + y – z = 3






kx + 3y + kz = 2






3x + 2y – 3z = 1



have a unique solution whatever the value of k.

b)
Given that k = 1, find A-1.

Solution:

a)
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This determinant is independent of k (since k is not included in the expression for the determinant).

b)
(i)
The equations have a unique solution provided that the determinant of the coefficient matrix is non-zero.  Since the determinant is -9, it can never zero (whatever the value of k).  So the equations always have a unique solution.
(ii)  Suppose k = 1.  Then 
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To find the inverse of A we need to follow the 4 steps.

Step 1:  Find the determinant.  This is -9.

Step 2:  Form the matrix of minor determinants:
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Step 3:  Adjust the signs of every other element (starting with the second entry):
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Step 4:  Take the transpose and divide by the determinant: 
[image: image79.wmf]1114

1

633

9

715

-

æö

-

ç÷

--

ç÷

--

èø


This is the inverse matrix.
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