Past examination questions:  Groups
1.  The set G = {1, 3, 7, 9, 11, 13, 17, 19} is a group under the binary operation of multiplication modulo 20.


(i)  
Give the combination table for G.






(4)


(ii)
State the inverse of each element of G





(3)


(iii)
Find the order of each element of G.






(3)

(iv) List all the subgroups of G.

Identify those subgroups that are isomorphic to one another.


(6)

(v) Show that the subgroups of G obey Lagrange’s theorem.



(3)

(vi) For each of the following, state, giving reasons, whether the given set and binary operation is a group.  If it is a group, state, giving a reason, whether or not it is isomorphic to G.

(A) J = {0, 1, 2, 3, 4, 5, 6, 7} under multiplication modulo 8.

(B) K = {0, 1, 2, 3, 4, 5, 6, 7} under addition modulo 8.



(5}

2.  The set G consists of all real numbers not equal to 2.
A binary operation * is defined on real numbers x, y by x * y = xy – 2x – 2y + 6.


(i)
Prove that G, with the binary operation *, is a group.



(9)


(ii)
Find an element of G of order 2.






(2)

The set H = {3, 5, 9, 11} has a binary operation o defined by

x o y is the remainder when x * y is divided by 20.


(iii)
Give the combination table for H, and hence prove that H is a group.

(5)


(iv)
Determine whether H is a cyclic group or not.




(2)


(v)  
Explain why H is not a subgroup of G.





(2)

3.  The function f is defined by 
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(i)
Show that 
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(2)

It is given that f is an element of a group F under the operation of composition of functions.

(ii) Show that the order of f is 3.







(3)

The group F is a proper subgroup of a group H of order 6.  Four of the elements of H are e, f, ff and h, where 
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(iii)
List the elements of another proper subgroup of H.




(2)


(iv)
Express the other two elements of H in terms of x.




(4)

4.  A group G consists of the six elements 
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Express each of the elements shown as x, y and z in the table as one of the six elements of G.
(5)

5.  A group G, of order4, consists of the vectors
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together with the operation 
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and the addition is carried out modulo 2.


(i)
Draw up the operation table for G.






(3)


(ii)
Write down the order of each of the elements of G.




(2)


(iii)
State the number of proper subgroups of G.





(1)


(iv)
A group H has elements 
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, for k = 0, 1, 2, 3, and the operation is multiplication of 

complex numbers.  Determine whether G and H are isomorphic, giving a reason for 

your answer.









(2)

6.  a)  Write down the operation table for the group G which consists of the five elements 
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where e is the identity and 
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(2)

b) The set H consists of the five elements {e, a, b, c, d} and the operation table is shown below.

	
	e
	a
	b
	c
	d

	e
	e
	a
	b
	c
	d

	a
	a
	e
	c
	d
	b

	b
	b
	d
	e
	a
	c

	c
	c
	b
	d
	e
	a

	d
	d
	c
	a
	b
	e


The set H with this operation table does not form a group.
(i) Explain how Lagrange’s theorem for groups can be used to confirm this statement.













(2)

(ii)
Demonstrate clearly that one of the basic group properties is not satisfied.

(3)

7.  
(i)
S denotes the set of numbers of the form 
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, where a and b are rational.  Prove that S is a group under the operation of addition.






(5)

(ii)
S' denotes the subset of S where a and b are both positive.  State, with a reason, whether S', under the operation of addition, is a subgroup of G.




(2)

8.  The set {2, 4, 6, 8} forms a group G under multiplication modulo 10.

a)  Write the operation table for G.


b)  State the identity element and the inverse of each element in G.

The set {1, i, -1, -i}, where i2 = -1, forms a group H under multiplication of complex numbers.

c) Determine whether or not G and H are isomorphic, giving a reason for your answer.

9.  Given that the multiplication of complex numbers is associative, show that the set {1, i, -1, -i} forms a group G under multiplication of complex numbers.

Prove also that the set {1, 7, 18, 24} under multiplication modulo 25 forms a group H.

Determine with reasons whether G and H are isomorphic.

10.  A group D, of order 8, has the operation table shown below.
	
	e
	a
	b
	b2
	b3
	ab
	ab2
	ab3

	e
	e
	a
	b
	b2
	b3
	ab
	ab2
	ab3

	a
	a
	e
	ab
	ab2
	ab3
	b
	b2
	b3

	b
	b
	ab3
	b2
	b3
	e
	a
	ab
	ab2

	b2
	b2
	ab2
	b3
	e
	b
	ab3
	a
	ab

	b3
	b3
	ab
	e
	b
	b2
	ab2
	ab3
	a

	ab
	ab
	b3
	ab2
	ab3
	a
	e
	b
	b2

	ab2
	ab2
	b2
	ab3
	a
	ab
	b3
	e
	b

	ab3
	ab3
	b
	a
	ab
	ab2
	b2
	b3
	e


a) Find the orders of the eight elements of D.
b) Write down the number of subgroups of order 2.

c) Find two subgroups of order 4.

d) Give a reason why there is no subgroup of order 6.

e) Explain how you can tell that the group D is not isomorphic to the group M, in which the elements {1, 3, 7, 9, 11, 13, 17, 19} are combined by multiplication modulo 20.

11.  
a)  The set S consists of the eight elements 
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 written in arithmetic modulo 64.  Determine each of the elements of S as an integer between 0 and 63.

Under multiplication modulo 64, the set S forms a group G, with identity 1.  Write down the orders of each of the remaining elements of G.

Write down all the possible generators for G, and list all the subgroups of G.


b)  The group H consists of the set {1, 9, 31, 39, 41, 49, 71, 79} under multiplication modulo 80.  Determine with justification, whether G and H are isomorphic.

12.  A binary operation * is defined on the set 
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 of non-zero rational numbers as follows:


x*y = xy
if x > 0



x*y = 
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if x < 0.

Prove that (
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,*) is a non-commutative group.

13.  The operation * is defined on the set S = 
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a)  Determine the identity element of S under *.

b)  For each 
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S, describe the inverse element 
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c)  Prove that * is associative on S.

d)  Prove that S, under the operation *, does not form a group.

14.  The set {a, b, c, d} under the binary operation * forms a group G of order 4 with the following operation table.

	
	a
	b
	c
	d

	a
	d
	a
	b
	c

	b
	a
	b
	c
	d

	c
	b
	c
	d
	a

	d
	c
	d
	a
	b


a) Find the order of each element of G.

b) Write down a proper subgroup of G.

15.  The functions i(x), a(x), c(x) are defined for all 
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The operation 
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 is defined as the composition of functions: that is
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a) Show that the set of functions {i, a, b, c} is not closed under 
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, and find two further functions d(x) and e(x) such that {i, a, b, c, d, e} is closed under 
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.
b) Copy and complete the composition table for the set G = {i, a, b, c, d, e} under 
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.
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c) Hence show that (G, 
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) forms a group.  (You may assume that the composition of functions is associative).

d) Find whether G is a commutative group, giving reasons.

e) Find whether G is a cyclic group, giving reasons.

f) Write down all the subgroups of G.

16.  Prove that the set {1, 2, 4, 7, 8, k, 13, 14} together with the operation multiplication modulo 15 forms a group G, provided that k takes one particular value.  State this value of k.  (You may assume that the operation is associative, but the other axioms for a group must be clearly verified).
If H is a subgroup of G of order n, use Lagrange’s theorem to find all the possible values of n.

Find three subgroups of order 4, each containing the elements 1 and 4, and prove that exactly two of them are isomorphic.

17.  
a)  Prove that the set {1, 3, 5, 9, 11, 13} together with the operation of multiplication modulo 14 forms a group G.  (You may assume that the operation is associative).  List all the subgroups of G with fewer than 3 elements.


b)  The group of symmetry transformations of the equilateral triangle under the operation of composition is H.  Describe geometrically the six elements of H.


c)  Determine, with reasons, whether G and H are isomorphic.  Find a subgroup of G with three elements.  Is it isomorphic to a subgroup of H?

18.  
a)  The law of composition * is defined by a * b = a + b – ab.  Given that a, b and c are real numbers, prove that a*(b*c) = (a*b)*c.


b)  The law of composition o is defined by a o b = a + b – ab evaluated modulo 7 so that 
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 for example.

Copy and complete the composition table for the set {0, 2, 3, 4, 5, 6} with law of composition o.

	o
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	5
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c) Prove that the set {0, 2, 3, 4, 5, 6} forms a group G under o.


d) Determine, with reasons, whether G is isomorphic to the group of rotations of the regular hexagon. 
_1231831429.unknown

_1231832722.unknown

_1231835232.unknown

_1231835441.unknown

_1231835525.unknown

_1231835552.unknown

_1231836670.unknown

_1231835492.unknown

_1231835265.unknown

_1231835283.unknown

_1231835233.unknown

_1231834979.unknown

_1231835006.unknown

_1231835231.unknown

_1231834654.unknown

_1231831994.unknown

_1231832384.unknown

_1231832385.unknown

_1231832109.unknown

_1231831918.unknown

_1231831981.unknown

_1231831447.unknown

_1231831118.unknown

_1231831387.unknown

_1231831388.unknown

_1231831131.unknown

_1231831386.unknown

_1231830965.unknown

_1231830980.unknown

_1231830964.unknown

