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Further Volume and Surface Area
Objectives

*  To find the volume and surface area of spheres, cones, pyramids and cylinders.

*  To solve problems involving volume and surface area of spheres, cones, pyramids and cylinders.

Section 1:  Volume

Recap from grade B and C work
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· Volume of cuboid = length × width × height
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· Volume of prism = cross-sectional area × length
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· Volume of cylinder = 
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,  

where r is the radius and h is the height of the cylinder.

Example:

A cuboid measures 15 cm by 12 cm by 8 cm.  Find the capacity of the cuboid.  

Give your answers in litres.

Solution:

Volume = 15 × 12 × 8 = 1440 cm3.

As 1 litre = 1000 cm3,  the capacity of the cuboid = 1.44 litres.

Example 2:

A cylinder has a volume of 965 cm3.  If the height of the cylinder is 16 cm, find the radius.

Give your answer to 2 significant figures.

Solution:

Substitute the information from the question into the formula for the volume of a cylinder:


Volume of cylinder = 
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965 = 50.26548
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19.198 = 
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4.38156 = r
So the radius of the cylinder is 4.4 cm (to 2 SF)

Past examination question (Edexcel November 2003)

A can of drink has the shape of a cylinder.

The can has a radius of 4 cm and a height of 15 cm.

Calculate the volume of the cylinder.

Give your answer correct to three significant figures.

Past examination question (Edexcel November 2004)
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Calculate the volume of the triangular prism.

Volume of a sphere

[image: image74.wmf]radius, r


Volume of a sphere = 
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(This formula is given on the GCSE formula sheet).

A hemisphere is half a sphere.

[image: image75.wmf]6.7 cm

Example
The radius of a sphere is 6.7 cm.  Find the volume.

Solution:

Substitute r = 6.7 cm into the formula 


Volume = 
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V = 
[image: image9.wmf]3

7

.

6

3

4

´

´

p



V = 1259.833
  (remember to use the cube button on your calculator)


V = 1260 cm3   (to 3 SF)
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Example 2:

Find the volume of the hemisphere shown in the diagram.

Solution:

The diameter of the hemisphere is 18.4 cm.

Therefore the radius is 9.2 cm.

Volume of the hemisphere = 
[image: image10.wmf]´

2

1

volume of sphere


        
= 
[image: image11.wmf]3

3

4

2

1

r

p

´





= 
[image: image12.wmf]3

2

.

9

3

4

2

1

´

´

´

p





= 
[image: image13.wmf]76

.

3261

2

1

´





= 1630 cm3
(to 3 SF)

Example 3:

A sphere has a volume of 86.5 cm3.  Find the radius of the sphere.

Solution:

Substitute into the formula for the volume of a sphere:  Volume = 
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86.5 =  
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So
86.5 = 
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i.e.
20.65035 = 
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So
r = 2.74 cm  (to 3 SF)

(cube rooting)

The sphere has radius 2.74 cm.
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Examination style question
The object shown is made up from a cylinder and a hemisphere.  

The cylinder has radius 5.0 cm and height 22 cm.

Find the volume of the object.

Solution:

   Volume of cylinder 
= 
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= 1728 cm3 (to nearest whole number)

The hemisphere must also have radius 5 cm.


Volume of the hemisphere = 
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= 262 cm3
Therefore total volume of the object = 1728 + 262 = 1990 cm3.
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Problem style example

A tank measures 15 cm by 10 cm by 10 cm

The tank is half-full of water.

A solid metal sphere with radius 2 cm is placed into the tank. 

Assuming that the sphere sinks to the bottom of the tank, calculate the amount by which the water level in the tank rises.

Solution

As the sphere will be completely submerged, it will displace its volume of water.

Volume of sphere = 
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= 33.51 cm3.

Therefore the water displaced is 33.51 cm3.

The water displaced has the form of a cuboid with measurements 15 cm by 10 cm by h cm, where h is the height by which the water level rises.

So
15 × 10 × h = 33.51
i.e.

h = 0.22 cm

The water rises by 0.22 cm.

Examination question (Edexcel November 1998)
A solid plastic toy is made in the shape of a cylinder which is joined to a hemisphere at both ends.
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The diameter of the toy at the joins is 5 cm.

The length of the cylindrical part of the toy is 10 cm.

Calculate the volume of plastic needed to make the toy.  Give your answer correct to three significant figures.

Examination question (Problem style)  (AQA June 2004)

A water tank is 50 cm long, 34 cm wide and 24 cm high.

[image: image80.wmf]It contains water to a depth of 18 cm.

Four identical spheres are placed in the tank and are fully submerged.

The water level rises by 4.5cm.

Calculate the radius of the spheres.

Volume of a pyramid
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Pyramids come in a range of shapes.  They can have bases which are any shape e.g. triangular, square, rectangular, circular etc.

The volume of any pyramid can be found using the formula:


Volume of pyramid = 
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(This formula is NOT given to you in the exam – you will need to learn it!)

Example:  (non-calculator paper)
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The pyramid shown has a square base.

The square has sides of length 12 cm.

The height of the pyramid is 10 cm.

Find the volume.

Solution:

The area of the square base is 12 × 12 = 144 cm2
So, the volume of the pyramid is:



Volume = 
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 = 48 × 10 




 = 480 cm3.
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Example 2:

The diagram shows a triangular-based pyramid.
The base of the pyramid is a right-angled triangle.

The volume of the pyramid is 325 cm3.

Find the height of the pyramid.

Solution:

The base of the pyramid is as shown:  
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The area of the base is 
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Substitute information into the formula for the volume of a pyramid.


Volume of pyramid = 
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325 = 
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325 = 12 × height.

So, 

height = 325 ÷ 12 = 27.08 cm   (to 4 SF).

Volume of a cone
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A cone is a pyramid with a circular base.

The formula for the volume of a cone is:


Volume of cone = 
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where r is the radius of the cone and h is the height of the cone.
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Example 1 (non-calculator paper)

The base of a cone has a radius of 4 cm.

The height of the cone is 6 cm.

Find the volume of the cone.

Leave your answer in terms of 
[image: image31.wmf]p

.

Solution:

Substitute the information into the formula for the volume of a cone:


 Volume of cone = 
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(start by finding 1/3 of 6)


               volume = 32π cm3.
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Example 2:

A cone has a volume of 1650 cm3.

The cone has a height of 28 cm.

Find the radius of the cone.

Give your answer correct to 2 significant figures.

Solution:

Substitute information into the formula:


Volume of cone = 
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1650 = 
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1650 = 
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i.e.

r = 7.5 cm  (to 2 SF)

The radius of the cone is therefore 7.5 cm.

Problem solving:  Worked examination question (Edexcel June 2005 – non calculator paper)

The radius of the base of a cone is x cm and its height is h cm.
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The radius of a sphere is 2x cm.

The volume of the cone and the volume of the sphere are equal.

Express h in terms of x.

Give your answer in its simplest form.

Solution:

The volume of the cone is  
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The volume of the sphere is 
[image: image42.wmf]3

3

)

2

(

3

4

r

3

4

x

p

p

=


(note: the brackets around 2x are important)
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(cubing both 2 and x)
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As the sphere and the cone have the same volume, we can form an equation:
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(multiplying both sides by 3)
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(dividing both sides by π)
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(diving both sides by 
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Past examination question (Edexcel 1997)

A child’s toy is made out of plastic.

The toy is solid.

The top of the toy is a cone of height 10 cm and base radius 4 cm.

The bottom of the toy is a hemisphere of radius 4 cm.

Calculate the volume of plastic needed to make the toy.

Volume of a frustrum
A frustrum is a cone with a smaller cone sliced off the top.

Examination style question
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The diagram shows a large cone of height 24 cm and base radius 4 m.

A small cone of radius 1.5 cm is cut off the top leaving a frustrum.

Calculate the volume of the frustrum.

Solution:

The volume of the large cone is:
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To find the volume of the small cone, we need its height.

The radius of the small cone is 
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  of the radius of the large cone.
Therefore the height of the small cone is 
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So the volume of the small cone is 
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 cm3
The volume of the frustrum is 402.12 – 21.21 = 381 cm3  (to 3F)

Section 2: Surface Area
Recap:  Grade B and C

You should be familiar with finding the surface area of prisms (such as cuboids, triangular prisms, etc).  The surface area of a prism is found by adding together the area of each face.
Examination style question
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Find the total surface area of the solid prism shown in the diagram.

The cross-section is an isosceles trapezium.

Solution:

The prism has six faces – two are trapeziums and 4 are rectangles.

[image: image92.wmf]
The area of the front and back faces are:
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The two sides faces each have an area equal to



5 × 8 = 40 cm2
The area of the top face is 



3 × 8 = 24 cm2
The area of the base is



9 × 8 = 72 cm2
So the total surface area is 24 + 24 + 40 + 40 + 24 + 72 = 224 cm2.

Surface area of cylinders, spheres, cones and pyramids
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Cylinders

A solid cylinder has 3 faces – a circular face at either end and a curved 
face around the middle:
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Surface area of a cylinder = 
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(This formula is not on the formula sheet).
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Sphere

A sphere has a single curved face.


Surface area of a sphere = 
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(This formula is on the formula sheet)
Cone
[image: image96.wmf]5.5 cm

A solid cone has two surfaces – the curved surface and the circular base.

The formula for the curved surface area is:
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where l is the slant length.

The values of  l, r and h are related by Pythagoras’ theorem:
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Pyramid

There is no general formula for the total surface area of a pyramid.  Just take each face in turn and use the relevant formula for finding the area of that face’s shape.
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Worked example 1:
Find the total surface area of the solid hemisphere shown.

Solution:

The hemisphere has a radius of 5.5 cm.

It has 2 surfaces – a circular base and a curved surface.

The area of the circular base is 
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The area of the curved surface is 
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So, total surface area = 285 cm2  (to 3 SF)

Worked example 2
[image: image98.wmf]8 cm
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The diagram shows an object made from two cones, one on top of the other.

The top cone has a height of 8 cm and the bottom cone has a height of 10 cm.

Both cones have a radius of 5 cm.

Find the total surface area of the object.

Solution:

The formula for the curved surface area of a cone is: 
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We can find the slant length, l, for each cone using Pythagoras’ 

theorem – we know the radius and the height of each cone.

Top cone:
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Therefore,


Curved surface area = 
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Bottom cone:
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Therefore,


Curved surface area = 
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So total surface area is 324cm2  (to 3SF)
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Worked example 3: (non-calculator)

A cylinder is made from metal.

It has a base but no lid.

The height of the cylinder is 8 cm.

The radius of the cylinder is 3 cm.

Find the amount of metal required to make the cylinder.

Leave your answer in terms of 
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Solution:

The area of the base is 
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The curved surface area is 
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So the area of metal required = 
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Examination style question 1:  
A solid object is formed by joining a hemisphere to a cylinder.

Both the hemisphere and the cylinder have a diameter of 4.2 cm.

The cylinder has a height of 5.6 cm.

Calculate the total surface area of the whole object.

Give your answer to 3 SF.

Examination style question 2:

A sphere has a volume of 356 cm3.

Calculate the surface area of the sphere.
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The formula for the area of a trapezium is:
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